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Ĥ0 Ĥ10
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Ĥ0 Ĥ10
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Spec(Ŝ0) = {hn | n ∈ Z} exp{−itŜ0/h}
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√
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D̂ =
4

3ω0
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L[n,m] ⊂ L2(R3) D̂ = Ŝ0−2Ŝ1
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Ŝ0 Ŝ1
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+
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∫ ∞

0

e−xtta−1(1 + t)c−a−1 dt (Re a > 0)

xy′′(x)+(c−x)y′(x)−
ay = 0 Re x > 0 n,m(r)

2hr′′(r) +
[
h
(
3− (−1)n − 2Δn,m

)
+ r

]
′(r) +

(3
2
−Δn,m

)
(r) = 0,∫ ∞

0

(r) dr = h, (r) > 0.

n m r → 0

n,m(r) →

⎧⎪⎨
⎪⎩
const n Δn,m > 1,

const ln 1
r

n Δn,m = 1.

r → ∞
(r) → const r

(−1)n

2 e−
r
2h .

P[n,m]

ψ(z̄) =
∞∑
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+
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∞∑
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H[n,m] ⊂ H
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∞∑
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= Φ
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+
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◦
BHn,m

z .

◦
Aj

◦
B
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◦
B

◦
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z dμn,m(z, z̄), ϕ ∈ P[n,m].

H : P[n,m] → H[n,m]

(H−1Ψ)(z̄) = (Ψ,Hn,m
z )H ∀Ψ ∈ H[n,m].

w ∈ C H
kn,m(wz̄) Hn,m

w

R ◦ H = H ◦
◦
R, R = (A0,A−,B,C),

◦
R = (

◦
A0,

◦
A−,

◦
B,

◦
C),

H R

H
◦
R

P[n,m]
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Λ

Ω[n,m] d = h(n−2m) < 0
Λ

Λ = {z = z(α)},
z Ω[n,m] Λ

(
1

2πh

∫
Σ

ω0 − 1

4
m(Σ)

)
∈ Z

Σ ⊂ Ω[n,m] ∂Σ = Λ ω0

Ω[n,m] m(Σ)
Λ

hn,mα
der
=

√
z′(α) exp

{
i

h

∫ α

α0

θ0

}
Hn,m

z(α)(x+, x−, x0).

Hn,m
z(α)(x+, x−, x0)

L2(R3) θ0 ω0

Λ z′(α) ≡ dz(α)/dα
Λ

α ∈ Λ
Λ

aΛ(β|α) = (hn,mα , hn,mβ )L2(R3).

aΛ(β|α) =
√
z′(α)z′(β) exp

{
i

h

∫ α

α0

θ0 − i

h

∫ β

β0

θ̄0

}
kn,m(z(α), z(β)).

kn,m

Λ ⊂
Ω[n,m] aΛ φ, φ′ ∈ C∞(Λ)

(φ, φ′)Λ =

∫
Λ

dα

∫
Λ

dβ a(β|α)φ(α)φ′(β).

LΛ {φ|(φ, φ′)Λ = 0}
LΛ

LΛ aj ∈ C∞(Λ)

ak(α) =
√

z̄′(α) exp
{
− i

h

∫ α

α0

θ0

}
ρn,mk (z̄(α)),

ρn,mk
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LΛ Λ
{aj|j = 0, 1, . . . }

τΛ : LΛ → P[n,m]

τΛ(φ)(z̄)
def
=

∫
Λ

φ(α)
√
z′(α) exp

{
i

h

∫ α

α0

θ0

}
kn,m(z(α)z̄) dα

=
∞∑
k=0

ρn,mk (z̄)

∫
Λ

ak(α)φ(α) dα.

τΛ

P[n,m] LΛ Λ

n m
Λ ⊂ Ω[n,m]

Ǎ0 = |z|2 + h(2m− n− 1)− 2hD[z],

Ǎ− =
|z|2
2

− h

2
− hD[z],

B̌ =
2

z
(Ǎ− + h)

(
Ǎ0 +

h(3 + (−1)n)

2

)
= z̄

(
|z|2 + h

(
2m− 2

[n+ 1

1

]))
−

− 4hD
[
|z|2 + h

(
m−

[n+ 1

1

])]
+ 2h2(D[1]D[z] +D[z]D[1]),

Č = z
(
Ǎ0 − h(1 + (−1)n)

2

)
= z

(
|z|2 + h

(
2m− n− 1 + (−1)n

2

))
− 2hD[z2]

LΛ D[f ]
f(z, z̄)

Ω[n,m]

D[f ] =
f(z(α), z̄(α))

z′(α)
d

dα
+

1

2

d

dα

(
f(z(α), z̄(α))

z′(α)

)
.

Λ hα

LΛ

h : LΛ → L2(R3), h(φ)
def
=

∫
Λ

φ(α) hn,mα dα

Ř = (Ǎ0, Ǎ−, B̌, Č)
R̂ = (Â0, Â−, B̂, Ĉ) L2(R3)

R̂ ◦ h = h ◦ Ř.

h LΛ

L[n,m] L2(R3)
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Ω[n,m]
Λ ⊂ Ω[n,m]

L2(R3)
R = (A0,A−,B,C)

H

g(R)Φ = λΦ, Φ ∈ H,

g

Φ = H(ϕ) =

∫
C

ϕ(z̄)Hn,m
z dμn,m(z, z̄)

g(
◦
R)ϕ = λϕ, ϕ ∈ P[n,m].

◦
R

Ω[n,m]

ϕ(z̄) =
∞∑
j=0

ϕjρn,mj (z̄),

{ρn,mj } P[n,m]

Φ =
∞∑
j=0

ϕjχn,m
j ,

{χn,m
j } H[n,m] ⊂ H

Φ = h(φ) =

∫
Λ

φ(α)hn,mα dα,

Λ

g(Ř)φ = λφ, φ ∈ LΛ

Ř

ϕ = τΛ(φ),

τΛ

‖Φ‖H = ‖ϕ‖n,m = ‖φ‖Λ.
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L2(R3)

Ŝ0 H
n,m
z = hnHn,m

z , Ŝ1 H
n,m
z = hmHn,m

z ,

ϕ Φ = H(ϕ)

H = L2(R3) R = R̂

s
(
aÂ2

0 + b̂Â0 + ĉ− 1

2
(B̂ + Ĉ)

)
Φ = λΦ,

a b̂ ĉ
ϕ

s
(
a
◦
A

2

0 + b
◦
A0 + c− 1

2
(
◦
B +

◦
C)

)
ϕ(z̄) = λϕ(z̄),

z̄(2az̄ − 1)
d2ϕ

dz̄2
−

( z̄2

2h
−

(
2a(2m− n+ 1) +

b

h

)
z̄ +

(
m−

[n+ 1

2

]
+ 1

))dϕ
dz̄

−

−
( 1

2h

(
m−

[n
2

]
+

1

2

)
z̄ − a

2
(2m− n)2 − b

2h
(2m− n)− 1

2h2

(
c− λ

s

))
ϕ(z̄) = 0.

b c b̂ ĉ
Ŝ0 Ŝ1 hn hm

λn,m
k ϕn,m

k k ∈ Z+ λk ϕk ϕk

P[n,m]

ϕk(z̄) =
∞∑
j=0

ϕj
kρj(z̄).

Φk ∈ L[n,m]

Φk =
∞∑
j=0

ϕj
kχj.

ε � 1

E = En,m
k =

ω0h

2

(
n+

3

2

)
+

εh

4

(
6m− n+

3

2

)
+ ε2λk +O(ε3),

Ψ = Ψn,m
k =

∫
C

ϕk(z̄)UŨHn,m
z dμn,m(z, z̄) +O(ε) =

∞∑
j=0

ϕj
k UŨχn,m

k +O(ε).

λk ϕk(z̄)
U Ũ
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h
Λ ⊂ Ω[n,m]

h → 0

Ω[n,m] A0

A− B C z z̄
A0 A− B C

ad(A0) = −2iz
∂

∂z
+ 2iz̄

∂

∂z̄
, ad(A−) = −iz

∂

∂z
+ iz̄

∂

∂z̄
,

ad(B) = −2i(2|z|2 + h(2m− n))
∂

∂z
+ 2iz̄2

∂

∂z̄
,

ad(C) = −2iz2
∂

∂z
+ 2i(2|z|2 + h(2m− n))

∂

∂z̄
,

h → 0 Ǎ0, Ǎ−, B̌, Č

Ǎ0 = A0|Λ − h− ih
(
w̌A0 +

1

2
div w̌A0

)
+O(h2),

Ǎ− = A−|Λ − h

2
− ih

(
w̌A− +

1

2
div w̌A−

)
+O(h2),

B̌ = B|Λ − h(1− (−1)n)

2
z̄ − ih

(
w̌B +

1

2
div w̌B

)
+O(h2),

Č = C|Λ − h(1 + (−1)n)

2
z − ih

(
w̌C +

1

2
div w̌C

)
+O(h2).

A0, A−, B, C R
4 ⊃ Ω[n,m] w̌A0 , w̌A− , w̌B, w̌C

ad(A0), ad(A−), ad(B), ad(C) Λ ⊂ Ω[n,m]
∂/∂z̄ div w̌ w̌ Λ

dα

g(A0, B, C) = aA2
0 + bA0 + c− 1

2
(B + C)

g(Ǎ0, B̌, Č) = g(A0, B, C)|Λ − ih
(
w̌g(A0,B,C) +

1

2
div w̌g(A0,B,C)

)
+ hr(A0, B, C)|Λ +O(h2),

w̌g(A0,B,C) ad(g(A0, B, C)) Λ ∂/∂z̄ r

r(A0, B, C) = −2aA0 − b+
C +B

4A0

+
(−1)n(C − B)

4A0

.
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Λ ad(g(A0, B, C)) g(A0, B, C)|Λ =
const α Λ t

g(Ǎ0, B̌, Č) = const− ih
d

dt
+ hr(A0, B, C)|Λ +O(h2).

Λ

Λ

H200 = s
(
aA2

0 + bA0 + c− 1

2
(B + C)

)
= s g(A0, B, C)

Ω[n,m] a, b, c
Ŝ0 = hn Ŝ1 = hm

Λ(μ) = {H200 = s μ} = {g(A0, B, C) = μ}

y3 + Py +Q = 0,

P = 2ab− 4a2d− 3

4
, Q = ab− 1

4
, d = h(n− 2m).

D =
(P
3

)3

+
(Q
3

)2

y1 =
3

√
−Q

2
+
√
D +

3

√
−Q

2
−

√
D,

y1 > −1/2

μ∗ =
1

16a3

(
y1+

1

2

)4

− 1

8a3

(
y1+

1

2

)3

+
( b

4a2
− d

2a

)(
y1+

1

2

)2

+
d

2a
(y1+

1

2
)+ ad2− bd+ c.

μ < μ∗ Ω[n,m]
{g(A0, B, C) = μ} μ = μ∗ Ω[n,m]

μ > μ∗

D > 0, μ > μ∗.

Ω[n,m]
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Λ(μ)

1

2πh

∫
ΣΛ(μ)

ω0 = k +
1

2
, k ∈ Z.

ω0 Ω[n,m] ΣΛ

Ω[n,m] Λ
S(μ) =

∫
ΣΛ(μ)

ω0

μ μ

μ = μk
def
= S−1

(
(2k + 1)πh

)
.

Λ Λk = Λ(μk) Λ
Tk

Ȟ200 Λk

Ȟ200 = s
(
μk − ih

d

dt
+ hr(A0, B, C)|Λk

+O(h2)
)
,

r s

φk(t) = exp
{ i

Tk

∫ Tk

0

r(A0, B, C)|Λk
dt− i

∫ t

0

r(A0, B, C)|Λk
dt
}

(modO(h)),

λk = s
(
μk +

h

Tk

∫ Tk

0

r(A0, B, C)|Λk
dt+O(h2)

)
.

ε = O(h) h � 1

E = En,m
k =

ω0h

2

(
n+

3

2

)
+
εh

4

(
6m−n+

3

2

)
+ε2

(
sμk+

hs

Tk

∫ Tk

0

r(A0, B, C)|Λk
dt
)
+O(h2),

μk

Ψ = Ψn,m
k =

1

Tk

∫ Tk

0

φk(t)U Ũ hn,mt dt+O(h).

hn,mt Λ φk Tk

U Ũ
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SPECTRAL CLASTERS IN PLANAR PENNING 
TRAP WITH RESONANCE BREAKING 

OF AXIAL SYMMETRY
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The spectral characteristics of a planar Penning trap with ring electrode and magnetic fi eld deviated from the 
axial direction are described.  The relations between physical parameters are found under which there arises a 
combined frequency resonance in the harmonic (quadratic) part of the Hamiltonian near the trap center.  The av-
eraged anharmonic part of the Hamiltonian is represented as a second order  ordinary differential operator with 
polynomial coeffi cients. The asymptotics of its eigenvalues and eigenfunctions is obtained. The formula for the 
asymptotics of eigenstates of the original trap Hamiltonian is found in spectral clasters near th eigenvalues of 
its harmonic part.
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